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Abstract. In this article, we review the Weyl correspondence of bigraded 
spherical harmonics and use it to extend the Hecke-Bochner identities for the 
spectral projections / x (p]!"^ for function / G LP(C") with 1 < p < oo. We 
prove that spheres are sets of injectivity for the twisted spherical means with 
real analytic weight. Then, we derive a real analytic expansion for the spectral 
projections / x (p^~^ for function / G L^(C"). 



1. Introduction 

Weyl correspondence is a natural question of asking about an operator ana- 
logue of the non-commutative polynomials on C^. Let A G M \ {0} and EI be a 
separable Hilbert space. Let Wi, . . . , Wn, Wi, . . . , be unbounded operators 
on EI satisfying 

W; = W* and [W;,-W,]=^I, j = l,2,...,n, 

on a dense subspace D of EI and all other commutators are zero. Consider a 
polynomial P{z) = zfzi. In general, the question (asked by Weyl) about the 
possible expression for P(W,W~^), is still open. In 1984, Geller has partially 
answered Weyl's question about operator analogue of the harmonic polynomials. 

Let z G C". For a, /3 G N" and P{z) = z'^z^, define 

r(P) = {W+yW^ and r'(P) = W{W+f. 

The maps r and r' can be linearly extended to any polynomial on C". In a long 
paper [S], Geller prove that for any harmonic polynomial P, t{P) = t'{P). Using 
this, an analogue of Hecke-Bochner identity for the Weyl transform has been 
derived, (see [S], p. 645, Theorem 4.2). 

A continuous function / on can be decomposed in terms of spherical har- 
monics as 

oo 

(1-1) /(x) = ^a,,,(p)n,,(a;), 

fc=0 

where x = pu, p = \x\, u E S""'^ and {Ykj{u) : 1,2,..., dk} is an orthonormal 
basis for the space Vk of the homogeneous harmonic polynomials in n variables 
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of degree k, restricted to the unit sphere S*" ^ with the series in the right-hand 
side converges locally uniformly to /. However, for more details, see [T3] . 

The well know Heche-Bochner identity says that the Fourier transform of any 
piece in the above decomposition fll.ip is preserved, (see [IS])- That is, the Fourier 
transform of aPk G L^(or L^), satisfies dPk{x) = b{\x\)Pk{x), where Pk is a solid 
spherical harmonic of degree k. An analogue of the Hecke-Bochner identity for the 
spectral projections / x v^^~^ for function / G L^(or L^), has been obtained, (see 
|14] . p. 70). Using the Weyl correspondence of the spherical harmonics, we give a 
much simper proof of this result. Further, we extend this result for / G L^{C"') 
with 1 < p < oo. As another application of the Weyl correspondence of the 
spherical harmonics, we prove that sphere Sr{o) = {z G C" : \z\ = i?} is a set of 
injectivity for the twisted spherical means (TSM) with real analytic weight, for 
the radial functions on C". 

Since Laguerre function v^^~^ is an eigenfunction of the special Hermite oper- 
ator A = —Az + with eigenvalue 2k + n, the projection / x v?^"^ is also 
an eigenfunction of A with eigenvalue 2k + n. As A is an elliptic operator and 
eigenfunction of an elliptic operator is real analytic [6], the projection / x Lp^~^ 
must be a real analytic function on C". We derive an important real analytic 
expansion for the spectral projections / x V5^~^'s for function / G L^(C"), which 
we call Hecke-Bochner-Laguerre series for spectral projection. In the complex 
plane, it is much simpler and it has been used in [TU], for proving a result that 
any Coxeter system of even number of lines is a set of injectivity for the twisted 
spherical means for U\C) with 1 < p < 2. 

As an application of expansion for the spectral projections / x V'^"^, we have 
shown that any complex cone is a set of injectivity for the twisted spherical means 
for LP(C"), 1 < p < 2 as long as it does not lay on the level surface of any bi- 
graded homogeneous harmonic polynomial on C". An analogous result has been 
proved for the Euclidean spherical mean over the class of continuous functions 
by Zalcman et al., see [2]. 

2. Notation and Preliminaries 

We define the twisted convolution which arises in the study of group convo- 
lution on Heisenberg group. The group H", as a manifold, is C" x M with the 
group law 

{z, t){w, s) = {z + w,t + s + -lm{z.w)), 2;, w G C" and t, s G M. 

The group convolution of function f,g& L^(EI") is defined by 

(2.1) f^g(z,t)= f{{z,t){-w,-s))g{w,s) dwds. 

An important technique in many problem on H" is to take partial Fourier trans- 
form in the t- variable to reduce matters to C^. Let 

f\z)= [ fiz,t)e'''dt 
Jr 
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be the inverse Fourier transform of / in the t-variable. Then a simple calculation 
shows that 

/oo 
f*giz,t)e^''dt 
-oo 

Thus the group convolution f * g on the Heisenberg group can be studied using 
the A-twisted convolution ^xg^ on C". For A 7^ 0, a further scaling argument 
shows that it is enough to study the twisted convolution for the case of A = 1. 

We need the following basic facts from the theory of bigraded spherical har- 
monics (see [H], p. 12 for details). We shall use the notation K = U{n) and 
M = U{n - 1). Then, S^""! ^ K/M under the map kM k.Cn, k e U{n) 
and e„ = (0, . . . , 1) G C". Let Km denote the set of all equivalence classes of 
irreducible unitary representations of K which have a nonzero M-fixed vector. 
It is known that for each representation in Km has a unique nonzero M-fixed 
vector, up to a scalar multiple. 

For a 5 G Km, which is realized on Vs, let {ei, . . . ,ed{s)} be an orthonormal 
basis of Vs with ei as the M-fixed vector. Let tfj{k) = {ci, 5{k)ej) , k E K and 
(, ) stand for the innerproduct on Vs. By Peter- Weyl theorem, it follows that 
{\/d{5)t^ji : I < j < d{6),6 G Km} is an orthonormal basis of L'^{K/M) (see 
[II], p.l4 for details). Define Yf{uj) = ^^d(S)t]-^{k) , where u = A;.e„ G ^^^-i^ 
k E K. It then follows that {Y^^ : 1 < J < d{6), 6 G Km, } forms an orthonormal 
basis for L^S^""-^). 

For our purpose, we need a concrete realization of the representations in Km, 
which can be done in the following way. See [8], p. 253, for details. For p,q E 
let Pp^q denote the space of all polynomials P in z and z of the form 

\a\=p |/3|=(j 

Let Hpq = {P G Pp^q : AP = 0}. The elements of Hpq are called the bigraded 
solid harmonics on C". The group K acts on Hp q in a natural way. It is easy 
to see that the space Hpq is i^-invariant. Let iTpq denote the corresponding 
representation of K on Hp q. Then representations in Km can be identified, up 
to unitary equivalence, with the collection {vr^^g : p,q E 

Define the bigraded spherical harmonic by Yj'''^(u) = \/d{p, q)t^f{k). Then 
{Yp'^ : 1 < J < d{p,q),p,q G Z+j forms an orthonormal basis for L^(S'^"~^). 
Therefore, for a continuous function / on C", writing z = pu, where p > and 
u G iS^*^"^, we can expand the function / in terms of spherical harmonics as 

d{p,q) 

(2.2) fipco) =J2I1 a'Ap)Yri^), 

p,q>o j=i 
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where the series on the right-hand side converges uniformly on every compact set 
K C C". The functions a^''' are called the spherical harmonic coefficients of /. 

3. A REVIEW ON THE WEYL CORRESPONDENCE OF SPHERICAL HARMONICS 

In this section, we revisit the Weyl correspondence of the spherical harmonics. 
Then, we derive some important identities which describe the action of Weyl cor- 
respondence of a harmonic polynomial to the Lagurrue functions V9^~^'s. We use 
these identities to give a very short and simple proof of the Hecke-Bochner identi- 
ties for the spectral projections. We would like to collect some of the preliminaries 
from the work of Geller |5], where he has established the Weyl correspondence of 
the spherical harmonics. 

Define the symplectic Fourier transform J-" on Schwartz space S (C") by 



f-z.w + z.w\ 
exp I 1 f[w)dw. 

Let B{Ml) be the space of all bounded linear operators on H. Since the operator 
—i {—z.W^ + z.W) is essentially self-adjoint, therefore, we can define the oper- 
ator analogue of function J^~^{f) by an operator Q : iS(C") — )■ B{M.), which is 
given by 

The operator Q is known as the Weyl transform. A composite operator W : 
5(C") B{m) which is defined by 

W(/) = ^o^-i(/), 

is the Weyl correspondence of /. We state the following results which are proved 
for the Weyl correspondence W of the spherical harmonics, (see [5]). We use 
these results for proving our main results. 

Lemma 3.1. |S] If P is a harmonic polynomial then 

W{P) = t{P) = t'{P). 

Lemma 3.2. [5] Let P,Pi G Pp^q. Suppose there exist a G U{n) such that P = 
7r(o")Pi, where ir is an unitary representation ofU{n). Then 

7r(cr)>V(Pi)7r(a)*, ^/A > 0; 
7r((T)W(Pi)7r(a)*, ^/A<0, 



W(P) = 
on the dense subspace V of H. 



Let us consider the following invariant differential operators which arises in 
study of the twisted convolution on C". 

W, = Z,,, = A _ and w; = Zl, = ^^+ ^z,, j = 1,2,..., n. 
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Let P be a non-commutative homogeneous harmonic polynomial on C" with 
expression 

\a\=p |/3|=(j 

Since P is harmonic, by Lemma I3.1[ the operator P{Z) is the Weyl correspon- 
dence W(P) of P. Hence the operator P{Z) can be expressed as 

\a\=p\P\=q 

Next, we describe the action of operator P{Z) to the Laguerre functions. For 
k e Z_|_, the Laguerre functions v^^"^ are defined by 

where L^~^^s are the Laguerre polynomials of degree k and order n — 1. In [5], 
Geller had proved an analogue of the Hecke-Bochner identity for the Weyl trans- 
form of the type functions dP G L^(or L^), which in turn gives an analogous 
result for the spectral projections, (see [7]). That is, spectral projection of any 
type function is a type function. An application of the following identities gives 
a very simple proof of the Hecke-Bochner identity for the spectral projections. 

Lemma 3.3. [9] For Pi{z) = z{zl G we have 

(3.1) Pi{z)^r\z) = (-2)-^-^Pi(z)v.rr"'W' 

if k > p and otherwise. 
Proof. We have 

For z G C", let z.z = 2t. By chain rule ^ = ^-^i^- Therefore, 

Since, the Laguerre's polynomials L^'s satisfy the recursion relations 

(3.2) ^LUx) = -Lltlix) and L^^}(x) + L^(x) = Ll^\x). 
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Therefore, we can write = —\ziip'l_^{z) . Similarly 



e 



Thus, we have ZlZ2^^~^{z) = 2'"^ ziZ2^'^^\{z) . Hence, by induction, we can 
conclude that 

Zfzl^l-\z) = (-2)-^-" zlzl ^ltl{z). 

□ 

The identities (13. ip has been used in an article [9] for proving a result that 
any sphere centered at the origin is a set of injectivity for the weighted twisted 
spherical means on C"^. In this article, we generalize the identities (13. ip for an 
arbitrary bigraded spherical harmonic P G Hp q. We further extend the identities 
(13. ip for generalized Laguerre functions. 

We use Lemma 13.31 to deduce the following identities which have been used 
frequently. For A G M \ {0}, let ^l;^{z) = (/9^-^(|A|2). 

Theorem 3.4. Let P G Hp^q. Then 



(3.3) P{Zx)ipl)^ - I (_2A)~P^''P^^^^'^^~^ 



^/ A > 0, k> q. 



Proof. Using the scaling argument, it is enough to prove these identities for the 
cases A = ±1. For A = 1, we claim 

(3.4) P{Z)^r' = (-2)"^"^P^rr"'' if ^ ^ 

We use the fact that any irreducible representation of a group is cyclic 
Since Hp g is an irreducible representation of U{n), it follows that every non-zero 
element of Hpg is a cyclic vector. Let Pi{z) = Zizl G Hpq. Then any P G Hpq 
can be written as 

m 

P = J27r{a.)P,. 

i=l 

Since W is a linear operator, without loss of generality, we can assume that 
P = 7r{a)Pi. In view of Lemma [3.21 we can write 

>V(P) = 7r(cr)W(Pi)7r((7)*. 



Since cp'^ is f/(n)-invariant, by Lemma [3.11 we have 

p{z)^r' = ^i^)Piiz)^r'- 
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An application of Lemma 13.31 gives 

p{z)^v = (-2)-^-%(^) (Pi^rr"') 
= (-2)-^-%(a)Piv^rr"' 
= (-2)-^-''P(^rr"'- 

It is clear from the above computation and Lemma IX^ that the proof for the case 
A = — 1 is similar and hence we omit it here. 

Alternative proof: In the above proof, Lemma [3.21 played a crucial role. How- 
ever, we give an alternative proof of the identities fl3.3p without using Lemma 
13.21 Since the symplectic Fourier transform J-" is invariant under U{n) action, it 
follows that 

J^-\P) = ^-i(7r((7)Pi) = n{a)J'-\P,). 

That is, 

p fir, 4-) ^ = ^M^i (^^ ^) ^ = <^)Piim 



dz' dz J \dz^ dz ^ 

where S is Dirac distribution at the origin. Since, we know that Zj6 = = zjS, we 
can write P{Z)6 = 7r{a)Pi{Z)6. For more detail, see Geller [S], p. 625. Denote 



T6 = (^P{Z) - n{a)Pi{Z)^ 6 = 0. 



For z,w E C"', define Tz{w) = {w — 2:)e2^™^'^''^\ Then, it follows that TzTS = on 
5(C'^). For if = we have 



Hence 



TzT6{^) = 6 {tzT^) = Tz (T(^) (0) = T^{z) = 0. 
P{Z)^V = n{a)P,{Z)vt' 

= i-2r^~M^)Pi^iT''' 
= (-2)"^"^p^rr''"'- 

□ 

These identities are quite useful and lead to a very short and simple proof of 
the Hecke-Bochner identity for the spectral projections / x v^^"^ for function / G 
L^(C"), (see [Hj, p. 70). Using the identities (13. 3p . we prove that the boundary of 
any bounded domain is a set of injectivity for certain weighted twisted spherical 
means for the radial functions on C". 

Lemma 3.5. Let aP G L^{C"'), where d is a radial function and P G Hp^q- Then 

(3.5) dP X ^l~\z) = {2^r-P{z) ~a x ^t-l-^'-'izl 

if k > p and otherwise. The convolution in the right hand side is on the space 

(pn+p+q 
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Proof. Since the Laguerre functions {f^-p~^'^~^ {f') ■ k > forms an orthonormal 
basis for L"^ ( ]R+, r^^"+^"'"'^''~^cir) , therefore, we can express a as 

k>p 

An apphcation of the identities fl3.3p for A = 1 gives 

k>p 

Let j > p. Convolve both sides of the above equation by V^j~^- Then, using the 
fact that P{Z) is a left invariant operator, we can write 

dP X = (-2)^+^5^C,„,P(Z)(^ri X ^]"'). 

k>p 

Since the Laguerre functions satisfy the orthogonality conditions v^^~^ x </5"~^ = 
(27r)"(5^fc(/?^-\ Therefore, 

dPx^]-\z) = {2'nn-2Y+^C,^,P{Z)^Y\z) 

= i2nr{d,^-^;^^^')Piz)^;^^/'^-\z) 

= {2nr-P{z) ~a X ^';ll^'-\z). 

□ 

Since the subspace fl UijC^) is dense in L^(C") for 1 < r < oo, therefore, 
the identities (13.51) can be extended for / G L^(C"). However, for functions in 
L°°(C"'), we use the weighted functional equations for spherical function v^^~^. 
The weighted functional equations can be obtained by considering the Hecke- 
Bochner identity for the spectral projection of compactly supported functions. 
For more details, see [2], p. 98. 

Lemma 3.6. ^ For z e C, let P E Hp^g and dvt = PdfXf Then 

if k > q and otherwise. 

Following result is an extension of the Hecke-Bochner identities for the spectral 
projections for function / G L''(C") with 1 < r < oo. 

Theorem 3.7. Let dP G L'"(C"), 1 < r < oo, where d is a radial function and 
P £ Hp q. Then 

dP X ^r\z) = (2vr)-"C'(A;,n + p + g)C'rr-'P(^)¥^rr"'W' 
if k > p and otherwise. 
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Proof. Since aP G L''(C"), for 1 < r < oo. By Young's inequality, dP x ^ 

exists and smooth. Consider the equation dP x /^^"-^(z) = Lp^~^ x dP{z). Let 
dut = Pdfif By polar decomposition, we can write 

POO 

dP X ipl-\z) = / ipl~^ X dut{z) d{t)t^''~^dt. 

Jt=o 

In view of Lemma 13.6^ the above equation can be written as 

POO 

dP X ^l-\z) = i2rrr-Cik,^)P{z)^r_liz) / ^HHz) m'^^'dt, 

Jt=o 

where 7 = n + p + g. By taking the complex conjugate of both sides, we get 

POO 

(3.6) dP X cpl-\z) = i27rr-C{k,^)Piz)^r_liz) / d{t)cpl-_l{t)f''-'dt. 

Jt=o 

This completes the proof of the theorem. □ 

Remark 3.8. From (13.61) . we observe that the identities (13. 51) can be extented for 
more general class of functions. An easy example is when a to be a polynomial. 
Since the integral in the right-hand side of (13. 6 p exists, even when a is a radial 
tempered distribution, therefore, it is a feasible question to prove the identities 
(13. 5p for / to be a tempered distribution, which we leave open for the time being. 

As another application of the identities (13. 3p . we prove that the boundary of 
any bounded domain is a set of injectivity for certain weighted twisted spherical 
means, for the radial functions on C". The weights here are spherical harmonics 
on S"^""^. We use this to prove that sphere S'/j(o) is a set injectivity for the twisted 
spherical means with real analytic weight, for the radial functions on C". Since 
this article is more concerned about Weyl correspondence and its applications, 
therefore, we skip here to write more histories of sets of injectivity for the twisted 
spherical means. We would like to refer [H [Zl El [IHl [I2] • 

In order to prove these results, we need the following result by Filaseta and 
Lam |1] , about the irreducibility of the Laguerre polynomials. Define the Laguerre 
polynomials by 

Lti^) = E(-i)^ 

i=0 

where k G Z_|_ and a G C. 

Theorem 3.9. |1] Let a be a rational number, which is not a negative integer. 
Then for all but finitely many k G Z+, the polynomial L'^{x) is irreducible over 
the field of rationals. 

Using Theorem 13. 9[ we have obtained the following corollary about the zeros 
of the Laguerre polynomials. 

Corollary 3.10. Let k G Then for all but finitely many k, the Laguerre 
polynomials L^'^ 's have distinct zeros over the reals. 



j a + k\x' 
\k-i)j' 
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Proof. By Theorem I3.9[ there exists ko E Z_|_ such that -^^^"^'s are irreducible over 



Q whenever k > ko- Therefore, we can find polynomials Pi,P2 G Q[x] such that 
PiL"^"^ + P2Ul~^ = 1, over Q with ki,k2 > ko- Since this identity continue to 
hold on M, it follows that L^~^ and L^~^ have no common zero over M. □ 

In order to prove Lemma 13.121 we also need the following lemma from [1 
about the spectral projections of a radial function. 

Lemma 3.11. [H] Let f be a radial function in L'^iC^). Then 

k\{n-l)\ 



f X ^l-\z) = (/, ^l-') where 



{n + k-l)V 
Thus f can expressed as 



/ = (27r)-"^i?i;(/,(^ri>^r 



fc=0 

Let dVL be the boundary of a bounded domain in C". Let yU^ be the normalized 
surface measure on the sphere St{o) = {z G C" : \z\ = r} in C^. For P G Hpg, 
write dur = Pdfir- 

1 I I 2 

Lemma 3.12. Let f be a radial function on such that e*'^' f[z) G Lp(C"), 
for 1 < p < oo. Suppose f x Ur{z) = 0, V 2; G dQ and V r > 0. Then / = a.e. 
on C". 

Proof. Given that f x Ur{z) = 0, V z G dQ and V r > 0. By polar decomposition, 
we can write 

POO 

(3.7) /xp^rr"'w= / /xz..(z)^rr"'w-'""'^-=0' 

Jr=0 

whenever z G 9f2 and k > q. Let be a smooth, radial compactly supported 
approximate identity on C"'. Then / x G fl L°°{C^) and in particular 
f X if^ E L^(C'^). Since is radial, by Lemma [3.11t we can write 

/ X V?, X Ur{z) = J2^k {fe, ^T^) f X X Ur) (z) . 

k>0 

By Lemma [3.6[ it follows that fxif^xh'r{z)=0,\fk>q and \f z E dQ. Thus, 
without loss of generality, we can assume / G L^(C"). We use the identities (13.31) 
for A = — L Let 

d 1_ ~ ~ d 1_ 

= = ^ + and A* = Zl_^ =Q-- i^J' J = 1, 2, . . . , n. 

Then the set {I,Aj,A* : j = 1, 2, . . . , ra} generates the space of all the right 
invariant differential operators for twisted convolution on C". Using Theorem 13.41 
for A = —1, we get 

(3.8) P{AM-\^) = {-2r'~'^P{z)^lX'-\z\ 
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if k > q and otherwise. In view of the identities fl3.8p and the fact that P{A) 
is a right invariant operator, equation fl3.7p gives 

P{A) (/ X v^r^) (z) = 0. 

Since / is radial, by Lemma 13111 / x ^^-^ = (/, (^^"^) Therefore, 

Once again using the identities fl3.8p . we can write 

whenever z G dVt and k > q. Since P is a non zero harmonic polynomial, therefore, 
by the maximal principle for harmonic function, P can not vanish on dfl. Thus, 

whenever z G and k > q. Since ^2-q'^'^~'^ radial, we have two cases. First, 
when dQ is a sphere centered at the origin. Let dQ = {z ^ C"' : \z\ = R}. In view 
of Corollary I3.10[ the functions v^^^p'''''~^'s can not have a common zero except 
for finitely many k G Z4. with k > q. Thus, there exists some ko G Z4. such that 
(/, (^^-1) =0, Wk>ko>q. Hence / is a finite linear combination of Lf^ ^'s. By 
the given decay condition on /, we conclude that / = a.e. on C". On the other 
hand, when dQ is of non-constant curvature (or sphere off centered the origin), 
we reach to the conclusion that 

whenever R G (a, b) with a < b and k > q. This is possible only if (/, v^^~^) = 0, 
\/ k > q. Thus, we infer that / = a.e. on C". □ 

Using Lemma I3.12[ we prove the following partial result for injectivity of the 
TSM with real analytic weight. Let g he a. real analytic function on C". Let 

dur = gdur and Sr{o) = {2 G C" : \z\ = R}. 

Theorem 3.13. Let f be a radial function on C" such that e^^^^^f{z) G L^(C"), 
for 1 < p < 00. Suppose f x Uriz) = 0, \/ z E Sr{o) and V r > 0. Then / = 
a.e. on C". 

Proof. By the given conditions, we have f xgfir{z) = 0, V 2; G Sr{o) and V r > 0. 
Since g is continuous, its spherical harmonic components can be expressed as 

gimiz) = d{p,q) g{a~^z)fi^{a)da, 

JU{n) 
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for 1 < /, m < d{p, g). As / is a radial function, we can write 

fxgi^M^) = d{p,q) f tZ{o) I f{z-w)g{a-^w)ei'^^^-^^dfir{w)da 

Ju{n) JSr{o) 



JU{n) JSr(o) 

= d{p, q) f fx g^i.,{a-^z)tZWa = 0, 

Ju{n) 

for all z e Sr{o) and V r > 0. Since, each of the component gim of g can also 
be expressed as gim{z) = dim{\z\)P{z), where P G Hp^g. Therefore, it follows that 
0'im{j')f X Pfir{z) = 0, V 2 G S'r(o) and V r > 0. Since dim is real analytic, by 
Lemma [3. 121 we conclude that / = a.e. on C". □ 

We observe that the similar identities as to the identities (13. 3p continue to work 
for the generalized Laguerre functions, (see [3]). These are the eigenfunctions of 
the special Hermite operator, (see [T]). Let Cjj = {a G C : —a ^ Z+,3ft(a) < 1}. 
The formal expansion of the generalized Laguerre function is 

1 (1 — a)l [n) [n + s — ly.sl 

where = a(a + l)(a + 2) ■ ■ ■ (a + s — l). For a = —k, k G Z+, the function M"^""^ 
is the usual Laguerre polynomial L^"-^ of degree k. For a G Cj, the function 
M"~^ has another representation 



Mr^(x) = e^X(-l 



n + a + ? — l\x 



i=0 



a J %\ 



The following properties as similar to the Laguerre polynomial , continue to 
hold for the generalized Laguerre functions M^~^'s. 

Lemma 3.14. Let a G Cj. Then 

^M:{x) = -M:^1{x) and M^+.^x) + M^ix) = M^+^x). 
Proof. We have 

J °° / I 1 -x ? — 1 



7 av / 

-T-M:{x) = M:{x)+e^Y.^-ir\ 

o — 1 \ 



Put z = j + 1. Then 



^m:(x) = M:(x)-Mri(x) 

= -m:^i{x). 



□ 
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We use the above lemma to prove an analogue of the identities (I3.3p for the 
generalized Laguerre functions ip^~^{z) = M^"^ These </?a~"^'s are 

precisely the eigenfunctions of the special Hermite Operator A = — + 
with eigenvalue —2a + n. For the sake of simplicity, we prove the result for the 
case A = 1. 

Lemma 3.15. Let a G and Pi{z) = z^z^ G Hp^q. Then 

(3.9) Pi(Z)^T\z) = {-2r^~^P,{z)vT4^'^-\z). 

Proof. The proof of Lemma 13.151 is quite similar to the proof of Lemma 13.31 and 
hence we omit it here. □ 

Remark 3.16. (a). For a G Cj, the function (p'^~^ satisfies the growth condition 
{p^~^[z) ~ i?„|zp'^"~"')e2'^'^ as l^l — )■ oo, (see [T]). This shows that we can not use 
Lemma [3.21 to generalize Lemma [3. 151 for an arbitrary P G Hp q. However, as the 
proof is based on the process of point wise differentiation and multiplication, it 
is enough to prove the identity (13. 9p for each compact set in C". 

{h). Let f{z) = a{\z\)P{z), where P G Hpq. Suppose / satisfies the condition 
/(^)e(4+^)l^l' G LP(C"), for some e > and 1 < p < oo. Then, it is a feasible 
question to ask for an analogue of the Hecke-Bochner identity for / x v?""^. 

Since (Pa~^ eigenfunction of the operator A with eigenvalue —2a + n, the 
function / x v?^~^ is also an eigenfunction of A with eigenvalue —2a + n. As A is 
an elliptic operator and eigenfunction of an elliptic operator is real analytic [6], 
the function / x ip^~^ must be a real analytic function on C". 

4. A REAL ANALYTIC EXPANSION OF THE SPECTRAL PROJECTIONS 

In this section, we derive a real analytic expansion for the spectral projections 
/ X </3^~^ for function / G L^(C"). For n = 1, we have given its proof in |10j . 
which is much simpler and used for proving some injectivity results for the twisted 
spherical means on C. A non-empty set C C (n > 2) satisfying AC C C, for 
all A G C is called a complex cone. Using expansion of the spectral projections, 
we have shown that any complex cone C is a set of injectivity for the twisted 
spherical means for Lp(C"), 1 < p < 2 if and only if C ^ ^^,7/(0), V s, t G Z+. 

We need the following result about an estimate of the bi-graded spherical har- 
monics. 

Lemma 4.1. Let Yp^q G Hp^q. Then ||Fp,g||L°° < C{p + q + l)"~-'-||Fp,g||i2. 
Proof. Let u G S*^""^. Then Yp^q can be expressed as 

\a\=p \l3\=q 

It has been shown in [13], p. 66 that 

\I"I=P 1^1=13 
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where dim Hp q = d{p, q) is given by 

. {p + n-2)\iq + n-2)\i(p + n-l)(q + n-l) -pq) 

d{p, q) = 7-n TT-. . 

plq\[n — ly. 

Since Hp g is a finite dimensional space and the fact that all norms on a finite 
dimension space are equivalent, we get the following estimate for the bigraded 
spherical harmonics. 

||>^p,g||oo < sup \Cal3UJ°'U)^\ < {Caf^l 

\a\=p\l3\=q \a\=p\l3\=q 

< ^/d{p,q) J] \c^p\^ < ^/d{p, q) H^p.^lU^- 

\\a\=p\P\=q I 



By a simple computation, it can be shown that \/d{p, q) < C(p + g + l)" ^, which 
gives the result. 

□ 

Theorem 4.2. Let f e L'^{C"'). Then Qk{z) = / x i^1~'^{z) is real analytic and 
its real analytic expansion can he written as 

k oo 

(4.1) Qk{z) = Y.llPiM^i-T~'^^)- 

p=0 g=0 

Proof. We can write the spherical harmonic decomposition of function / as 

oo oo d{p,q) 

(4.2) /(^) = EEE«r(i^i)^/»- 

p=0 <?=0 i=l 

Since / G L^(C") and set {</3^^p^'^~^ : k > p^ form an orthonornal basis for 
^2 ^^2(n,+p+<?)-i^^j ^ follows thar 

«i ~ ^k-p,j^k-p 

k>p 

In view of the identities fl3.3p for A = 1, we have 

k>p 

From (14.21) and orthogonality relations (p^~^ x v^"~^ = {2Ti)"-6jk(p^~^ , we conclude 
that 

fco oo d(p,q) 
P=0 g=0 i=l 

p=0 q=0 
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Now, look at the following concrete expression for the spectral projections as 



k oo 

(4.3) Qk{z) = Y.Y.pU')vtT~\^)^ 

where the series on the right-hand side converges to Qk in L^(C"'). Since spaces 
Hp^qS are orthogonal among themselves, it follows that 

k oo 

(4.4) iiQ^ii2 = EErp':Jl2lK:;ii:<oo, 

p=0 g=0 



where 



Thus from fl4.4p . we get an estimate 



-P,qii2- ^2^"i(A;-p + 7- 1)! 
Using Lemma 14.1^ we can write 



(4.5) WY'U^ < C 



(p + q + l) 



(2^-i(^-P + 7- 1)0' 



In order to prove that the series (14.11) converges uniformly on each compact set 
A' C C"", it is enough to prove that the series 



q=m 



converges uniformly over each ball Br{o) G C"", where m = n + k — 2p + 2 and 
7 = n + p + g. Since g > m, it follow that 7 — l>/c — Hence 
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Let \z\ < R. Then we can write 



q=m 



R\ 



oo 



C\R\P e^l^l'^ b, li?!"?. 



q=m 

By a straightforward calculation we get limg_j.oo = < 1 . Hence each of the 

function hp is real analytic on C". That is, the right-hand side of (14. ip is a real 
analytic function which agreeing to the real analytic function a.e. on C". 
Hence f l4.ip is a real analytic expansion of Qk- □ 

Remark 4.3. (a). Since the spectral projections Qk = f ^ V^fc~^ is a real analytic 
function for / G L'"(C"), 1 < r < oo, therefore, it is feasible to ask the question 
of finding a real analytic expansion for Qk as similar to f l4.ip . 

(b). Let / G L'^{C"') and for each k G Z+, the projection e*'^' Qk{z) is a 
polynomial. Then there exits m = m(/i;) G Z+ such that 

p=0 g=0 

The space consists of functions / is much larger than f/(n)-finite functions in 
L^(C"). For this class of functions, we can ask the following question. Does 
Qk{z) = 0, for all z G C""^ x M and V A; G Z+, implies / = a.e. on C"? This 
question for the case n = 1, is simpler and has been done by equating the highest 
degree term of e*'^' Qk to zero, (see [10], Theorem 3.4). 

Using expansion (14. ip for the spectral projections, we deduce the following 
result. 

Proposition 4.4. Let f G Lp(C"), 1 <p<2. Suppose f x /i^(z) = 0, V ^ G C 
and V r > 0. Then / = a.e. on C" if and only if C ^ P^,ti^), V s, t G Z+. 

Proof. Since / G L'P(C"), 1 < p < 2, therefore, by convolving / with a right 
and radial compactly supported smooth approximate identity, we can assume 
/ G L2(C"). Given that / x /i^(z) = 0, V z G C and V r > 0. By polar 
decomposition, we can write 



(4.6) Qk{z) = / X cpl-\z) = fx f^,.{z)cp^,-\ry^-'dr = 0, 

Jr=Q 

\/ z E C and V /c G Therefore, by Theorem 14.21 we get 

k oo 



=0 i=0 
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y z ^ C and V A; G Z+. Since cone C is closed under complex scaling, therefore, 
for 2 G C, it implies re^^z G C, for all r > and 6* G M. Thus, 

k oo 
s=0 t=0 

V r > and V ^ G M. Since Qfc is real analytic in r, therefore by equating the 
coefficients of 1, r, r^, ... to zero, we conclude that 

(4-7) E 

s+t=a, s<k 

V a G Z+. Using the fact that set {e^^^ : /3 G Z} form an orthogonal set and 
the sum vanishes over each of the diagonal s + t = a, s < k, it follows that 
Pst{z) = 0, for all s < k and t G Z+. Since the equation (14.71) is valid for each 
k G Therefore, we infer that for z G C, the projections Qk{z) = 0, V /c G Z+ 
if and only if Ps,t{z) = 0, for all s, t G This forces = 0, V /c G if and 
only if C ^ -^^7/(0), V s, t G Z+. As / G L2(C'^), we can expand / in terms of its 
spectral projections as 

oo 

(4.8) / = (27r)-"^/x^r\ 

k=0 

where series in the right hand side converges in L^(C"). This is known as the 
special Hermite expansion, (see [H], p. 58). Hence in view of (14. 8p . we reach to 
the conclusion that / = a.e. on C" if and only if C ^ P~/(0), V s, t G Z+. □ 

Remark 4.5. We have observed that Proposition 14.41 works for the class of all 
continuous functions on C". However, proof for the class of continuous functions 
is different than that of L^(C"'), 1 < p < 2, because the expansion (14.11) is valid 
only for the functions in L^(C"). Hence, its proof would be presented in full detail 
elsewhere. 
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